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We investigate pseudogap phenomena in a two-dimensional Fermi gas. Including pairing
fluctuations within a self-consistent T -matrix approximation, we determine the pseudogap
temperature T ∗ belowwhich a dip appears in the density of states ρ(ω) around the Fermi level.
Evaluating T ∗, we identify the pseudogap region in the phase diagram of this system. We find
that, while the observed BKT (Berezinskii-Kosterlitz-Thouless) transition temperature T
exp
BKT
in a 6Li Fermi gas is in the pseudogap regime, the detailed pseudogap structure in ρ(ω) at
T
exp
BKT
still differs from a fully-gapped one, indicating the importance of amplitude fluctuations
in the Cooper channel there. Since the observed T
exp
BKT
in the weak-coupling regime cannot
be explained by the recent BKT theory which only includes phase fluctuations, our results
may provide a hint about how to improve this BKT theory. Although ρ(ω) has not been
measured in this system, we show that the assessment of our results is still possible by using
the observable Tan’s contact.
1. Introduction
In cold Fermi gas physics, there are two ways to tune pairing fluctuations. One is to use a
Feshbach resonance,1, 2) where pairing fluctuations are enhanced by increasing the strength of
a pairing interaction associated with a Feshbach resonance. The other is lowering the system
dimension by introducing an optical lattice3, 4) to a three-dimensional Fermi gas. The latter
approach uses the fact that pairing fluctuations are enhanced by the low-dimensionality of the
system. In condensed matter physics, it is not so easy to tune the interaction strength, as well
as the system dimension. Thus, having these techniques is an advantage of cold Fermi gas
physics, especially in systematically studying strong-coupling physics.
In this paper, we theoretically investigate the pseudogap phenomenon in an ultracold
∗moriom@rk.phys.keio.ac.jp
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Fermi gas, when pairing fluctuations are enhanced by lowering the system dimension down to
two. Pseudogap is a typical many-body phenomenon associated with strong pairing fluctua-
tions,5–8) and is characterized by the appearance of a dip in the single-particle density of states
ρ(ω) (DOS) around the Fermi level in the normal state. When one simply describes pairing
fluctuations as the repeat of the formation and dissociation of preformed Cooper pairs, the
pseudogap is physically interpreted as a result of the “binding energy” of preformed Cooper
pairs. In this paper, we calculate the pseudogapped DOS in a two-dimensional uniform Fermi
gas using a strong-coupling theory (which we specify soon later). From the temperature de-
pendence of the pseudogap, we determine the pseudogap temperature T ∗ as the temperature
below which a dip appears in ρ(ω). Using T ∗, we identify the pseudogap regime (where the
pseudogap appears in ρ(ω)) in the phase diagram of a two-dimensional Fermi gas with respect
to the temperature and the interaction strength. We briefly note that a two-dimensional Fermi
gas has recently attracted much attention both theoretically9–18) and experimentally,19–26) es-
pecially since the observation of the Berezinskii-Kosterlitz-Thouless(BKT) transition27–30) in
a 6Li Fermi gas.25, 26)
The importance of studying two-dimensional pseudogap phenomena is related to the
current debate for this phenomenon in a three-dimensional Fermi gas. In the three-
dimensional case, the “Feshbach-resonance approach” has extensively been used to study
the BCS (Bardeen-Cooper-Schrieffer)-BEC (Bose-Einstein condensation) crossover phe-
nomenon,2, 4, 31–36) where the character of a Fermi superfluid gradually deviates from the
weak-coupling BCS-type with increasing the strength of a pairing interaction.37–45) In the
intermediate coupling regime (BCS-BEC crossover region), system properties are dominated
by strong pairing fluctuations, where the pseudogap has been expected.7, 8, 46–52) However,
while the recent photoemission-type experiments on 40K Fermi gases53–56) agree with the
pseudogap scenario,7, 12, 46–52) it has been shown that the observed pressure,57) as well as spin
polarization rate,58) can be explained by the normal Fermi liquid theory without assuming the
pseudogap. Thus, further studies are necessary to clarify whether or not pairing fluctuations
really cause the pseudogap phenomenon. The mechanism of the pseudogap originating from
strong pairing fluctuations is sometimes referred to as the preformed pair scenario,5, 59–62) and
has been discussed as a candidate for the origin of the pseudogap in the under-doped regime
of high-Tc cuprates.
63–65) Thus, once the validity of this scenario is confirmed in cold Fermi
gas physics, it would also make an impact on condensed matter physics.
At a glance, using a Feshbach resonance seems more effective than the optical-lattice
method for the study of pseudogap phenomenon, because the former can directly adjust the
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interaction strength. However, we recall that pairing fluctuations in one- and two-dimensional
systems are very strong, to completely destroy the superfluid long-range order (Hohenberg-
Mermin-Wagner’s theorem).66, 67) In the three-dimensional case, on the other hand, although
the superfluid phase transition temperature Tc is suppressed by pairing fluctuations (com-
pared to the mean-field Tc),
39–41) the superfluid long-range order itself is always realized in
the whole BCS-BEC crossover region. In this sense, lowering the system dimension is more
effective than simply increasing the interaction strength, in order to enhance pairing fluc-
tuations. Since the above-mentioned controversial situation implies that three-dimensional
pairing fluctuations may not be strong enough to clearly observe the pseudogap phenomenon
even in the BCS-BEC crossover region, the further enhancement of pairing fluctuations by
lowering the system dimension is a promising idea to resolve this debate. We briefly note
that, even in the two-dimensional case, one can still use a Feshbach resonance.19–26)
Besides the pseudogap problem, the detailed pseudogap structure in ρ(ω) may also pro-
vide useful information about how to theoretically deal with the BKT transition in a two-
dimensional Fermi gas. It is known that some strong coupling theories, such as the Gaussian
fluctuation theory,39–42) non-selfconsistent T -matrix approximation (TMA),5, 7) as well as their
extended versions,68, 69) that have extensively been used to successfully explain the BCS-BEC
crossover phenomenon in a three-dimensional Fermi gas, cannot describe the BKT transi-
tion, when simply applied to the two-dimensional case. To overcome this problem, a useful
approach has been proposed,9, 10) where phase fluctuations of the superfluid order parameter
∆ are only taken into account, under the assumption that amplitude fluctuations of ∆ can be
ignored, to give a fixed value of |∆|. In this theory, with help of the KT-Nelson formula,70)
the BKT transition temperature T thBKT can be evaluated in the wide interaction regime. This
approaches uses the fact that the BKT transition belongs to the 2D-XY universality class,
that is, the amplitude and phase of ∆ correspond to the length and the direction of spin in
the ordinary 2D-XY model, respectively. However, it is still unclear whether or not the as-
sumption of the fixed |∆| (or ignoring amplitude fluctuations) is always valid for the whole
interaction regime. Indeed, while the calculated T thBKT
9, 10) agrees with the recent experiment
on a two-dimensional 6Li Fermi gas25, 26) in the strong-coupling regime, one clearly sees dis-
crepancy between the two in the weak-coupling regime, implying the necessity of improving
this theory. Since the fixed |∆| gives a BCS-state-like fully gapped DOS, one can check the
validity of this assumption from the detailed pseudogap structure near T thBKT.
In this paper, we employ a self-consistent T -matrix approximation (SCTMA),68, 69) to in-
clude two-dimensional pairing fluctuations. Although a non-selfconsistent T -matrix approx-
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imation (TMA) has extensively been used to study the pseudogap phenomenon in the three-
dimensional case, we do not take this approach, because TMA is known to unphysically give
large pseudogap size at low temperatures, when applied to a two-dimensional Fermi gas, even
in the weak-coupling regime.15, 71) We briefly note that SCTMA has recently been applied to
the weak-coupling regime of a two-dimensional Fermi gas.13, 14)
So far, DOS has not been measured in a two-dimensional Fermi gas, so that we cannot
completely assess the validity of our SCTMA approach, by directly comparing the calculated
DOS with experimental data. However, as an alternative strategy, we show that the pseudogap
size in SCTMA does not contradict with the observed Tan’s contactC72) in a two-dimensional
6Li Fermi gas.73)
This paper is organized as follows. In Sec. 2, we explain our formulation. In Sec. 3, we
show the density of states ρ(ω), as well as the spectral weight A(p, ω). From the tempera-
ture dependence of the pseudogap in ρ(ω), we determine the pseudogap temperature T ∗, to
identify the pseudogap regime in the phase diagram with respect to the temperature and the
interaction strength. We also examine the detailed pseudogap structure near TBKT which has
been evaluated by a previous theory assuming a fixed |∆|, to discuss the importance of am-
plitude fluctuations of the superfluid order parameter there. In Sec. 4, we assess our SCTMA
results by using the Tan’s contact. Throughout this paper, we take ~ = kB = 1, and the two-
dimensional system area is taken to be unity, for simplicity.
2. Formulation
We consider a two-dimensional uniform Fermi gas, described by the Hamiltonian,
H =
∑
p,σ
ξpc
†
p,σcp,σ
− U
∑
p,p′,q
c
†
p+q/2,↑c
†
−p+q/2,↓c−p′+q/2,↓cp′+q/2,↑, (1)
where c†p,σ is the creation operator of a Fermi atom with the two-dimensional momentum
p = (px, py) and pseudospin σ =↑, ↓, describing two atomic hyperfine states. ξp = εp − µ =
p
2/(2m)−µ is the kinetic energy, measured from the Fermi chemical potential µ, wherem is an
atomic mass. −U (< 0) is a tunable pairing interaction associated with a Feshbach resonance.
As usual, we measure the interacting strength in terms of the s-wave scattering length a2D,
which is related to the bare interaction −U as,74)
2pi
m
[ln(kFa2D)]
−1
=
U
1 − U∑p≥kF 12εp . (2)
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Σ(p,iωn) = + + + ...-U
G
Fig. 1. Self-energy Σ(p, iωn) in the self-consistent T -matrix approximation (SCTMA). The solid line and the
dashed line denote the dressed single-particle thermal Green’s functionG in Eq. (4), and the pairing interaction
−U, respectively.
Here, kF =
√
2piN is the Fermi momentum, where N is the total number of Fermi atoms.
In this scale, the weak- and strong-coupling regime are, respectively, characterized as
ln (kFa2D) >∼ 1 and ln (kFa2D) <∼ − 1. The region between the two (−1 <∼ ln (kFa2D) <∼ 1) is
the intermediate coupling regime.
We briefly note that the present two-dimensional system always has a bound state in the
two-particle limit, irrespective of the interaction strength. The two-body binding energy is
given by,75–77)
Ebind =
1
ma22D
. (3)
This is different from the three-dimensional case, where a two-body bound molecule is only
formed in the strong-coupling regime where the three-dimensional s-wave scattering length
as is positive.
41)
In the self-consistent T -matrix approximation (SCTMA),13, 14, 68) strong-coupling correc-
tions to single-particle excitations are described by the self-energy Σ(p, iωn) in the single-
particle thermal Green’s function,
G(p, iωn) =
1
iωn − ξp − Σ(p, iωn)
, (4)
where ωn is the fermion Matsubara frequency. The SCTMA self-energy Σ(p, iωn) is diagram-
matically described as Fig. 1, which gives
Σ(p, iωn) = T
∑
q,iνn
Γ(q, iνn)G(q − p, iνn − iωn). (5)
Here, νn is the boson Matsubara frequency, and
Γ(q, iνn) = −
U
1 − UΠ(q, iνn)
(6)
is the particle-particle scattering matrix, where
Π(q, iνn) = T
∑
p,iωn
G(p+ q/2, iωn + iνn)G(−p+ q/2,−iωn) (7)
is a pair-correlation function, describing fluctuations in the Cooper channel.
5/23
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Fig. 2. (Color online) Calculated Fermi chemical potential µ(T ), as well as the renormalized chemical poten-
tial µ˜(T ) in Eq. (14), in a two-dimensional Fermi gas. At each interaction strength, µ˜(T ) is larger than µ(T ). The
interaction strength is measured in terms of ln(kFa2D), where a2D is the s-wave scattering length in Eq. (2) and
kF is the Fermi momentum. TF and εF are the Fermi temperature and the Fermi energy, respectively. Because of
computational problems, we could not calculate µ down to T = 0. The lowest temperature at each interaction
strength is nothing to do with the BKT transition temperature.
The Fermi chemical potential µ is determined from the equation for the total number N
of Fermi atoms,
N = 2T
∑
p,iωn
G(p, iωn). (8)
We show the calculated µ in Fig. 2.
Using µ in Fig. 2, we calculate the single-particle spectral weight,
A(p, ω) = −1
pi
ImG(p, iωn → ω + iδ), (9)
as well as the single-particle density of states (DOS),
ρ(ω) =
∑
p
A(p, ω), (10)
where δ is an infinitesimally small positive number. In this paper, we employ the Pade´ ap-
proximation,78) to numerically carry out the analytic continuation (iωn → ω + iδ) in Eq. (9).
For later convenience, we briefly note that the non-self-consistent T -matrix approxima-
tion (TMA) is given by simply replacing the dressed Green’s function G(p, iωn) in Eqs. (5)
and (7) with the bare one,
G0(p, iωn) =
1
iωn − ξp
. (11)
As mentioned previously, SCTMA and TMA cannot describe the superfluid (BKT) phase
below TBKT. These strong-coupling theories determine the superfluid instability from the
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Thouless criterion,79) stating the appearance of gapless Goldstone collective mode associated
with the broken U(1) gauge symmetry. This condition is achieved, when the particle-particle
scattering matrix in Eq. (6) has a pole at q = νn = 0, that is,
Γ−1(0, 0) = 0. (12)
However, in the two-dimensional case, Eq. (12) cannot simultaneously be satisfied with the
required number equation (8), because the latter diverges when the former condition is sat-
isfied. This is a direct consequence of the Hohenberg’s theorem,66) stating the vanishing
superfluid long-range order in one- and two-dimensional systems, due to the enhanced su-
perfluid fluctuations by the low-dimensionality. In the context of two-dimensional BCS-BEC
crossover physics, this problem has also been discussed within the framework of the Gaussian
fluctuation theory.80, 81)
3. Pseudogap regime in a two-dimensional Fermi gas
Figure 3 shows DOS ρ(ω) in a two-dimensional uniform Fermi gas. In the weak-coupling
case (panel (a)), ρ(ω) at the Fermi temperature TF monotonically increases with increasing ω,
to approach the value ρ0 = m/(2pi) in the high-energy region. Since DOS in a two-dimensional
free Fermi gas has the step-functional energy dependence as
ρ0(ω) =
m
2pi
Θ(ω + µ) (13)
(where Θ(x) is the step function), the broadening of this step structure seen in Fig. 3(a) at
T = TF is due to particle-particle scatterings (giving finite lifetime of Fermi quasi-particles).
Indeed, this broadening at T = TF becomes more remarkable in the intermediate coupling
case shown in Fig. 3(b).
In addition to this broadening effect, Figs. 3(a) and (b) also show that the pairing interac-
tion (which induces pairing fluctuations) also causes the expected pseudogap phenomenon at
low temperatures (T <∼ 0.3TF). When we introduce the pseudogap temperature T ∗ as the tem-
perature below which a dip appears in ρ(ω) around ω = 0, we can conveniently identify the
region where the pseudogap appears, in the phase diagram of a two-dimensional Fermi gas,
as shown in Fig. 4. In this figure, since SCTMA cannot describe the BKT transition, we draw
T thBKT which has been evaluated by the recent BKT theory assuming a fixed |∆|.9, 10) In this
phase diagram, the region between T ∗ and T thBKT is regarded as the pseudogap regime (PG).
We emphasize that, while T thBKT is a phase transition temperature, the pseudogap temperature
T ∗ is a crossover temperature, without being accompanied by any phase transition.
In the strong-coupling regime shown in Fig. 3(c), a dip structure is already seen at T = TF.
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Fig. 3. (Color online) SCTMA single-particle density of states ρ(ω) in the normal state of a two-dimensional
Fermi gas. ρ0 = m/(2pi) is DOS in a free Fermi gas. (a) Weak-coupling case (ln (kFa2D) = 1). (b) Intermediate
coupling case (ln (kFa2D) = 0). (c) Strong-coupling case (ln (kFa2D) = −1). Panel (d) shows the position of each
result in the phase diagram with respect to the temperature and the interaction strength (where TF is the Fermi
temperature). In this figure, T th
BKT
is the calculated BKT transition temperature by a BKT theory assuming a
fixed |∆|.9, 10) T exp
BKT
is the observed one in a two-dimensional 6Li Fermi gas.25)
8/23
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Fig. 4. (Color online) Phase diagram of a two-dimensional uniform Fermi gas in terms of the temperature
and the interaction strength. The pseudogap temperature T ∗ is determined as the temperature below which a
dip appears in ρ(ω ∼ 0). The two BKT transition temperatures, T exp
BKT
25) and T th
BKT
,9, 10) are the same as those in
Fig. 3(d). The region between T ∗ and T th
BKT
is the pseudogap regime (PG). The region above T ∗ is the “normal
Fermi-gas regime (NF)” with no pseudogap. On the left side of the dotted line (MB), the renormalized chemical
potential µ˜ in Eq. (14) is negative, so that the system properties is close to those of a Bose gas of two-body
bound molecules. We briefly note that the phase transition only occurs at T thBKT and T
exp
BKT
. The other boundaries,
such as T ∗, are crossover temperatures without being accompanied by any phase transition.
In addition, DOS exhibits an almost fully gapped structure, when T <∼ 0.5TF. In this regime,
the renormalized chemical potential µ˜ involving many-body corrections, which is determined
from the equation,
−µ˜ = −µ + Re[Σ(p = 0, ω+ = −µ˜ + iδ)], (14)
is negative (see Fig. 2). Thus, as well known in BCS-BEC crossover physics,37–42) system
properties in this regime would be close to those of a Bose gas of two-body bound molecules,
rather than an atomic Fermi gas.82) To emphasize this, we identify the region with µ˜ ≤ 0 as the
“molecular Bose gas regime” (MB) in Fig. 4. In this strong-coupling regime, the pseudogap
temperature T ∗, as well as the pseudogap width, are considered to be directly related to the
binding energy Ebind of a two-body bound molecule in Eq (3). Indeed, Fig. 4 shows that T
∗
rapidly increases with increasing the interaction strength in this regime, reflecting the rapid
increase of Ebind.
Figure 4 also shows that the pseudogap regime widely exists in the weak-coupling regime
(ln(kFa2D) >∼ 1), compared to the three-dimensional case, where the pseudogap regime is al-
most absent in the BCS regime ((kFas)
−1 <∼ − 1).7) This is because the two-dimensionality of
the system enhances pairing fluctuations, as well as the pseudogap phenomenon, as expected.
However, we also see in Fig. 4 that T ∗ is rather insensitive to the interaction strength, when
9/23
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E
P
G
/ε
F
T/TF=0.15
Fig. 5. (Color online) Evaluated pseudogap size EPG in the weak-coupling side (ln(kFa2D) ≥ 0) of a two-
dimensional Fermi gas at T/TF = 0.15. EPG is defined as the energy difference between the dip position and the
lower peak position in ρ(ω) in the pseudogap regime.
0 <∼ ln(kFa2D) <∼ 2, in spite of the fact that pairing fluctuations become strong with increasing
the interaction strength there. In addition, defining the pseudogap size EPG as the energy
difference between the dip position and the lower peak position in the pseudogapped DOS,83)
we find in Fig. 5 that EPG at T = 0.15TF only weakly depends on the interaction strength.
These indicate that the increase of the interaction strength does not necessarily promote the
pseudogap phenomenon.
To explain this in more detail, we point out that the non-selfconsistent T -matrix approx-
imation (TMA) gives a clearer pseudogap than SCTMA, as shown in Fig. 6. In addition, the
growth of the TMA pseudogap size EPG with increasing the interaction strength is also more
remarkable than the SCTMA case (see Fig. 5). Thus, in TMA, the pairing interaction simply
contribute to the pseudogap phenomenon in a positive manner. In this regard, we note that
TMA is given by replacing the SCTMA dressed Green’s functionG(p, iωn) in the self-energy
Σ(p, iωn) in Eq. (5) with the bare one G0(p, iωn) in Eq. (11). The resulting TMA particle-
particle scattering matrix Γ(q, iνn) (which physically describes pairing fluctuations) only con-
sists of stable Fermi atoms with infinite lifetime. On the other hand, Γ(qiνn) in SCTMA uses
the dressed Green’s functionG(p, iωn), which takes into account finite quasi-particle lifetime
by particle-particle scatterings. Indeed, as shown in Figs. 7(a1)-(c1), the SCTMA spectral
weight A(p, ω) exhibits broad single-particle dispersion along ω = εp − µ˜ in the pseudogap
regime. (Note that the bare Green’s function gives a δ-functional peak line along ω = εp − µ
in A(p, ω).) As a result, SCTMA includes the situation that one of two Fermi atoms that are
repeating the formation and dissociation of a preformed Cooper pair is scattered into another
10/23
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Fig. 6. The same plots as in Fig. 3, in the non-self-consistent T -matrix approximation (TMA).
state, causing the suppression of pairing fluctuations compared to the TMA case.84) This ex-
plains the difference between Figs. 3 (SCTMA) and 6(TMA).
In addition, the quasi-particle lifetime would be shorter for a stronger interaction, which
tends to weaken the enhancement of pairing fluctuations by the same pairing interaction. This
also explains the weaker interaction dependence of the pseudogap size EPG in SCTMA than
that in TMA, seen in Fig. 5.
Since DOS ρ(ω) is given by the momentum-summation of the spectral weight A(p, ω) (see
Eq. (10)), the spectral intensity around ω = 0 seems also to be suppressed in the pseudogap
regime. However, Figs. 7(a1) and (b1) actually show that, although one can slightly see the
11/23
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Fig. 7. (Color online) Calculated intensity of single-particle spectral weight A(p, ω) in SCTMA (left panels),
as well as in TMA (right panels). (a1) and (a2): ln(kFa2D) = 1 at T/TF = 0.122 (“E” in Fig. 3(d)). (b1) and (b2):
ln(kFa2D) = 0 at T/TF = 0.14 (“D” in Fig. 3(d)). (c1) and (c2): ln(kFa2D) = −1 at T/TF = 0.3 (“C” in Fig. 3(d)).
In the left figures, the dashed and dotted lines show the particle dispersion (ω = εp − µ˜) and the hole dispersion
(ω = −[εp − µ˜]), respectively. The intensity is normalized by ε−1F .
coupling of particle (ω = εp − µ˜) and hole (ω = −[εp − µ˜]) branches (which is also character-
istic of the pseudogap phenomenon associated with pairing fluctuations7)), such suppression
around ω = 0 is not clearly seen, because of broad particle and hole dispersions. While this
is consistent with the relatively large value of ρ(ω = 0) even in the pseudogap regime, it
might become an obstacle in observing the pseudogap by using the photoemission-type ex-
periment.53–56) We briefly note that the suppression of the spectral weight around ω = 0 is
clearly seen in the strong-coupling regime when µ˜ < 0, as shown in Fig. 7(c1).
On the other hand, Figs. 7(a2)-(c2) shows that TMA gives the BCS-state-like spectral
weight, where the two sharp peak lines are similar to the Bogoliubov single-particle disper-
sions in the mean-field BCS state,
E±(p) = ±
√
(εp − µ)2 + |∆|2, (15)
although the system is in the normal state.
From the viewpoint of the recent BKT theory for a two-dimensional Fermi gas which
assumes a fixed |∆|,9, 10) Figs. 6 and 7(a2)-(c2) shows that this assumption is justified in TMA,
because the (almost) fully-gapped DOS is indeed realized near T thBKT. However, as discussed
previously, this gapped structure in TMA is actually filled up to some extent by the quasi-
12/23
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T=TBKT
th
Fig. 8. (Color online) Calculated DOS ρ(ω) in SCTMA, in the weak-coupling regime of a two-dimensional
Fermi gas at T th
BKT
.9, 10)
particle lifetime effect in SCTMA (except in the strong-coupling regime where µ˜ < 0). This
SCTMA result physically means that, not only phase fluctuations, but also amplitude fluc-
tuations of the superfluid order parameter ∆, are important near T thBKT. We also see in Fig. 8
that the pseudogap at T thBKT becomes less remarkable, as one approaches the weak-coupling
regime.
At present, we have no idea about how to extend the recent BKT theory9, 10) to include
amplitude fluctuations. However, since the difference between T
exp
BKT
25) and T thBKT
9, 10) becomes
remarkable in the weak-coupling regime (see Fig. 4), this improvement might be a key to
resolve this discrepancy, which remains as our future challenge.
4. Assessment of calculated pseudogap from the viewpoint of observed Tan’s contact
In the current stage of cold Fermi gas physics, DOS has not been measured, so that we
cannot assess the SCTMA scheme by directly comparing the calculated DOSwith experimen-
tal data. In this section, however, we demonstrate that we can still do this assessment to some
extent, by using the Tan’s contact,72) which has recently been measured in a two-dimensional
40K Fermi gas,73)
To simply grasp our idea, we first deal with the TMA case, to clarify that it really overes-
timates the pseudogap size EPG. When low-energy pairing fluctuations are strong, the TMA
self-energy ΣTMA(p, iωn) may be approximated to
7, 46, 85)
ΣTMA(p, iωn) = T
∑
qνn
Γ(q, iνn)G0(q − p, iνn − iωn)
≃ −∆2PGG0(−p,−iωn). (16)
13/23
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Fig. 9. (Color online) Calculated DOS in TMA (a), and SCTMA (b). In each figure, the solid line shows
the full TMA and SCTMA result, and the dashed line shows the result in the static approximation. We take
ln(kFa2D) = 0.853 and T/TF = 0.27 in order to compare our results with the recent experiment on a two-
dimensional 40K Fermi gas.73) In this experiment, the Tan’s contact is measured as C/k4
F
= 0.223. TMA and
SCTMA give C/k4
F
= 0.766 (∆PG/εF = 1.75) and C/k
4
F
= 0.238 (∆PG/εF = 0.975), respectively.
Here, the particle-particle scattering matrix Γ(q, iνn) in TMA is given in Eq. (6) where the
dressed Green’s function G in the pair correlation function Π(q, iνn) is replaced by the bare
one G0. In Eq. (16),
∆PG =
√
−T
∑
q,iνn
Γ(q, iνn) (17)
is the pseudogap parameter.46) In this so-called static approximation for pairing fluctuations,
the TMA single-particle Green’s function GstaticTMA(p, iωn) formally has the same form as the
diagonal component of the mean-field BCS Green’s function as,7, 86)
GstaticTMA(p, iωn) = −
iωn + ξp
ω2n + ξ
2
p
+ ∆2
PG
. (18)
Thus, the resulting density of state has the same form as that in the ordinary BCS state with
the gap size EPG = ∆PG.
Figure 9(a) compares the “BCS density of states” obtained from Eq. (18) with the full
TMA result, where the static approximation is found to well describe the TMA result. Then,
14/23
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noting that the pseudogap parameter ∆PG in Eq. (17) is related to the Tan’s contact as
87, 88)
C = m2∆2PG, (19)
we find that the observable Tan’s contact can be used to assess the TMA pseudogap size EPG
in Fig. 9(a). Evaluating Eq. (17) in TMA, we have ∆PG/εF = 1.75. Although this is consistent
with EPG/εF = 1.686 evaluated from the TMA result in Fig. 9(a), it gives CTMA/k
4
F = 0.766,
which is much larger than the recent experimental resultC/k4F = 0.223
73) in the same situation
as Fig. 9. This disagreement clearly means the overestimation of the pseudogap size in TMA,
at least in the case of Fig. 9.
We now proceed to the SCTMA case. In the case of Fig. 9(b), SCTMA gives ∆PG/εF =
0.975. Substituting this into Eq. (19), we obtain
CSCTMA/k
4
F = 0.238. (20)
While these values (∆PG and CSCTMA) are smaller than the TMA results, Eq. (20) agrees well
with the observed value C/k4F = 0.223
73) in a two-dimensional 40K Fermi gas. Although
one cannot simply relate ∆PG to the pseudogap size EPG in the case of SCTMA, the smaller
pseudogap gap size (EPG/εF = 0.46) in SCTMA (Fig. 9(b)) than that in TMA (Fig. 9(a)) is
considered to come from the smaller value ∆PG/εF = 0.975 in the former approximation than
in the latter (∆PG/εF = 1.75). Thus, although we need further analyses to check the validity
of SCTMA for the study of the pseudogap phenomenon in a two-dimensional Fermi gas, at
least, the calculated pseudogap size in SCTMA does not contradict with the observed value
of the Tan’s contact C. We briefly note that it has recently been shown13) that SCTMA well
explains the observed Tan’s contactC in a two-dimensional Fermi gas73) at various interaction
strengths.
Before ending this section, we briefly note that the SCTMA single-particle Green’s func-
tion GstaticSCTMA(p, iωn) in the static approximation has the form (For the derivation, see the Ap-
pendix.),
GstaticSCTMA(p, iωn) = −
iωn + ξ˜p
ω2n + ξ˜
2
p
+ ∆˜2
PG
(p, iωn)
. (21)
Here, ξ˜p = εp − µ˜, and
∆˜PG(p, iωn) = ∆PG
√√√ 2
1 +
√
1 +
4∆2
PG
ω2n+ξ˜
2
p
, (22)
where the pseudogap parameter ∆PG is also given in Eq. (17), but the SCTMA particle-particle
scattering matrix Γ(q, iνn) in Eq. (6) is now used.
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Comparing Eq. (21) with Eq. (18), one finds that the pseudogap parameter ∆PG in TMA
is replaced by the momentum- and energy-dependent parameter ∆˜PG(p, iωn) in Eq. (22). In
this regard, we note that this (p, ωn)-dependence comes from the self-energy corrections in
the dressed Green’s function G in the outer loop of the SCTMA self-energy in Fig. 1. In
this sense, effects of quasi-particle lifetime are still partially taken into account in this static
approximation for SCTMA. Indeed, this (p, ωn)-dependent pseudogap parameter ∆˜PG(p, iωn)
gives the partially-filled pseudogap structure (except at ω = 0), as shown in Fig. 9(b). How-
ever, Fig. 9(b) also shows that this static approximation overestimates the pseudogap size,
indicating that it underestimates effects of quasi-particle lifetime on pairing fluctuations de-
scribed by the particle-particle scattering matrix Γ(q, iνn).
5. Summary
To summarize, we have discussed pseudogap phenomena in a two-dimensional Fermi gas.
Including pairing fluctuations within the framework of the self-consistent T -matrix approx-
imation (SCTMA), we have calculated single-particle density of states ρ(ω) (DOS), as well
as the single-particle spectral weight A(p, ω), in the normal state. Determining the pseudogap
temperature below which a dip appears in ρ(ω ∼ 0), we have identify the region where the
pseudogap appears (pseudogap regime) in the phase diagram with respect to the interaction
strength and the temperature. We have also examined the detailed pseudogap structure near
the BKT transition temperature T thBKT which has been obtained by the recent BKT theory
9, 10)
assuming a fixed magnitude of the superfluid order parameter |∆|, to assess the validity of this
assumption.
We showed that the pseudogap regime widely exists in the weak-coupling regime of a
two-dimensional Fermi gas, compared to the three-dimensional case. This is an expected
result, because the two-dimensionality of the system should enhance pairing fluctuations.
However, we also found that the pseudogap temperature T ∗, as well as the pseudogap size
EPG, are not so sensitive to the interaction strength in the weak and intermediate coupling
regime. This is because the increase of the pairing interaction shortens the lifetime of Fermi
quasi-particles, which tends to suppress the enhancement of pairing fluctuations by the same
pairing interaction. Indeed, when the quasi-particle lifetime effects on pairing fluctuations are
completely ignored in the non-selfconsistent T -matrix approximation (TMA), the pseudogap
size EPG grows more remarkably with increasing the interaction strength than the SCTMA
result.
For the assessment of the recent BKT theory assuming a fixed amplitude |∆| of the super-
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fluid order parameter,9, 10) our results show the importance of amplitude fluctuations near the
BKT transition temperature T thBKT which is obtained by this BKT theory. That is, the calculated
pseudogapped DOS at T thBKT in SCTMA still has sizable intensity around ω = 0, especially
in the weak-coupling regime. Since TMA gives the BCS-state-like almost fully gapped DOS
at T thBKT (which justifies the assumption of fixed |∆|), the above-mentioned quasi-particle life-
time is found to also play an important role in this problem. Since T thBKT is known to deviate
from the observed BKT transition temperature T
exp
BKT
25) in the weak-coupling regime, it is an
interesting future challenge to improve this BKT theory to include amplitude fluctuations, to
see to what extent this improvement can resolve this discrepancy.
At present, DOS has not been measured in an ultracold Fermi gas, so that we cannot
directly compare our results with experimental data. However, we pointed out that the Tan’s
contact (which has recently been observed in a two-dimensional Fermi gas73)) can be used to
assess our theoretical results to some extent. Using this approach, we showed that, while the
TMA overestimates the pseudogap size, the pseudogap size in SCTMA does not contradict
with the observed value of the Tan’s contact C. Of course, we need further analyses for the
validity of SCTMA for the study of pseudogap phenomena in a two-dimensional Fermi gas.
While the wide pseudogap regime is an advantage of a two-dimensional Fermi gas in
studying the pseudogap phenomenon, we still need to overcome the smearing of pseudogap
structure in ρ(ω) and A(p, ω) by quasi-particle lifetime, which also comes from the pairing
interaction. In the current stage of cold Fermi gas physics, the photoemission-type experi-
ment would be the most effective to directly measure single-particle properties of an ultra-
cold Fermi gas. Thus, it is also an interesting future problem to theoretically evaluate the
photoemission spectrum in the pseudogap regime of a two-dimensional Fermi gas, by using
the present SCTMA formalism. Since the pseudogap is a key phenomenon in understanding
strong-coupling properties of an ultracold Fermi gas, as well as in constructing BKT theory
for a two-dimensional Fermi gas, our results would be useful for the studies of these crucial
current topics in cold Fermi gas physics.
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Appendix: Static approximation for SCTMA
Assuming that low-energy pairing fluctuations are strong, we approximate the SCTMA
self-energy in Eq. (5) to
Σ(p, iωn) ≃ −∆2PGG(−p,−iωn) + ΣHF, (A·1)
where the pseudogap parameter ∆PG is given in Eq. (17). In Eq. (A·1), we also retain a con-
stant Hartree term ΣHF, in order to effectively include the difference between µ and µ˜ = µ+ΣHF
shown in Fig. 2. Substituting Eq. (A·1) into Eq. (4), we have
G(p, iωn) =
1
iωn − ξ˜p + ∆2PGG(−p,−iωn)
=
1
iωn − ξ˜p + ∆
2
PG
−iωn − ξ˜−p + ∆2PGG(p, iωn)
.
(A·2)
Here, the Hartree energy ΣHF is absorbed into ξ˜p = εp− µ˜. In obtaining the last expression, we
have substituted the first expression into G(−p,−iωn) in the denominator of this expression.
Solving Eq. (A·2) with respect to G(p, iωn) we obtain Eq. (21).
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